AC Josephson current and supercurrent noise through one-dimensional correlated 

electron systems 
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AC Josephson effect in one-dimensional Tomonaga-Luttinger liquid (TLL) adiabatically connected 
to superconducting electrodes is theoretically investigated. It is found that density fluctuations due 
to repulsive electron-electron interactions in TLL inhibit Josephson oscillations, whereas they do 
not affect time- independent current part. We also show that the fluctuations reduce supercurrent 
noise caused by multiple Andreev reflections. This indicates that the quantum fluctuations in TLL 
disturb the superconducting phase coherence spreading across the junction. 
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A superconducting weak link is a probable stage for 
inhomogeneous superconductivity. This is because su- 
perconducting phase coherence is sustained across the 
weak link, and should be strongly affected by various na- 
ture of intermediate segment sandwiched L lj . In general, 
as the spatial dimension is reduced, thermal or quantum 
fluctuations tend to disturb the long-ranged phase corre- 
lation. Then, Josephson effect through low-dimensional 
system is essentially exposed to the disturbances, and is 
obliterated at low temperatures 0]. 

Specifically one-dimensional (ID) electron systems are 
sensitive to inter-particle interactions. Focusing on low 
energy regime, they are believed to behave as Tomonaga- 
Luttinger liquid (TLL) Q. In such a state, the phase 
correlations are no longer infinitely long-ranged but ex- 
hibit only quasi-long-range order. Then, the correla- 
tors decay following power law [J]. On the other hand, 
a couple of experiments recently reported supercurrent 
flow g, @, 0, H[ and proximity-induced superconductiv- 
ity [9 1 in carbon nanotubes (CNTs) suspended between 
superconductors. Since the metallic CNTs are ideal ID 
conductors and the excitations in them can be described 
as TLL QjJ, it can be said that these experiments pro- 
vided eligible stages to investigate superconducting co- 
herence in ID correlated systems. 

Theoretically, DC Josephson current through TLL 
has been studied for th e p ast decade by many au- 
thors 0, QJ, OS [3, GJ, Egj. Compared with DC cur- 
rent, however, the study of AC Josephson current was 
limited in low transparency region }17j . In this work, 
we investigate AC Josephson effect through TLL adia- 
batically connected with superconducting electrodes. As 
for current-voltage (/-V) characteristics, it is found that 
the density fluctuations due to the repulsive interac- 
tions compress the Josephson oscillations, while the time- 
independent current is not affected. We also show that 
the shot noise caused by multiple Andreev reflections [HI 
is crucially suppressed. The suppression can be explained 
in the framework of Caldeira-Leggett model, which de- 
scribes the effect of dissipative environment on macro- 
scopic quantum tunneling (l9j . These results indicate 
that the low-lying excitations in TLL disturb the phase 
coherence across the Josephson junctions. 



We suppose identical s-wave superconductors with en- 
ergy gap A for the reservoirs (electrodes) . The interfaces 
between TLL and the electrodes are modeled as the adia- 
batic openings of many channels so that we can simulate 
a bulk superconductor with its subdivision narrowed to 
form a wire. In the TLL region, the Coulomb interactions 
are assumed to be point contact type. For simplicity we 
neglect the processes with back-scattering and umklapp- 
scattering, i.e., only the electron density with long wave 
length is essential. Then we approximate that the inter- 
actions are switched off abruptly at the interfaces. 

Andreev reflections discussed below are performed by 
individual electrons in TLL and the superconductors. 
Then it is convenient to employ the method in which 
single particle excitations are treated in parallel with the 
low energy fluctuations. For that purpose, in the ID re- 
gion, we start with the action using auxiliary fields which 
incorporate the forward-scatterings (20j ; 



S[4>] = I dtdx\L a {i)\i>) + Lx{(j>) 

+ ^2<f>a,s(x,t)p a , s (x,t) , (1) 



where p a , s (x, t) = vb\ s ip a ,s is chiral density operator, a — 
± and s — ± denote direction of movement and spin, 
respectively. Lq and L\ are the Lagrangian density of 
free fermions propagating with Fermi velocity vf and of 
the density fluctuations induced by the interactions; 

d d 

Lq = ^^l tS (x,t){i—+iav F —)i> a , 8 (x,t), (2) 



Li = 



(3) 



with the vector <f> — (<fi+i , 4>-i, <fi--\, 4 > +l) T an d S being 
the (4 x 4) interaction matrix. Throughout the work, we 
set h = kg = 1. The auxiliary field (f> a ,s{x,t) acts as a 
fluctuating electrical potential. Therefore the net quan- 
tities of the charge density and the current are obtained 
after taking a functional average in terms of Si n d[<^] = 
JdtdxLi. We can transform the action to the Gaussian 
form of chiral fields defined by (dt + avFd x )9 a , s (x,t) = 
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(t> a .s(x,t) [2l|, [231 . Thus one can rewrite the problems to 
the ones of the free electrons propagating in integrable 
internal environment. 

Because TLL describes only low energy physics, we 
treat the free fermion part with quasiclassical model to 
keep consistency in the approximation. In addition the 
voltage drop in TLL is disregarded approximately. One 
can thus obtain retarded (advanced) Green's functions in 
TLL by superposing formal solutions of following Eilen- 
berger equation [23|] 



i—f z t z + $(x,t)t z , g R W(x,t,t'\ 
. at 



0,(4) 



where [•••]- denotes a commutator as well as convolution 
integral in terms of the internal time, and 



<r 4 

<T l 



1 

-1 



(5) 



with (TiS being usual Pauli matrices. Here, quantities 
with "hat" denote (4 x 4) matrices, and those with bold- 
face (2 x 2) matrices. 1st and 3rd rows correspond to right 
and left moving electrons with spin up, whereas 2nd and 
4th rows to left and right moving holes with spin down. 
In a similar fashion, the quasiclassical Green's functions 
in superconductors can be calculated. Here we assume 
that the influence of the density waves in TLL falls off in 
the superconductors, and neglect the charge fluctuations 
far from the interfaces. This is because the superconduct- 
ing energy gap A in the spectrum prevents the gapless 
modes from exciting. 

Since we focus on the junctions with clean interfaces, 
the boundary condition at x — ±L/2 reduces to 24] 



gP(±^+0,t,t'\ 



where p = {R, A, K} denotes the retarded, the advanced 
and the Keldysh part. We choose zero of energy at Fermi 
level of TLL, i.e., the one of the left (right) electrode is 
shifted to ±eV/2. A quasiparticlc in TLL performs a 
set of back-and- forth Andreev reflections for each Cooper 
pair tunneling. Then, the Green's functions satisfy recur- 
rence equations for the transferred charge [25L [2q . One 
can easily find that they accoiire the phase shift during 
each Cooper pair tunneling 



$ s (i,0) = o a ,.(~,o) +*-«,-(§> 0) - {\ 



-§}, (7) 



(G) 



which reflects the singlet superconductivity of the elec- 
trodes. This means that TLL modifies the definite phase 
difference 2eV by <E> S , whereas the effects of TLL disap- 
pear deep in the electrodes. 

Since the Fermi wave number in TLL is shifted by 
5p a ,s(x, t) — dxOa^/2-K [Il|, [22j] , one properly accounts for 
the excess charges between the interfaces through consid- 
eration of In addition, the adiabatic interfaces do not 
hold the charge number in TLL assuming e 2 /2C <C A, 
where C is the capacitance representing the long-range 
part of the Coulomb interactions. Then, the boundary 
values of 9s are not fixed, i.e., the momentum unit of 
the density waves is small compared with ir/L [l6] . This 
claim is in common with the different procedures in treat- 
ing TLL with normal metal reservoirs [H S [H [3p, |3l| 
and usual Fermi liquid between superconductors [l|. 

Firstly we investigate the I-V characteristics. The net 
AC Josephson current is calculated by averaging 



I(t\4>) = ±Tr[T,± a g K (t = t'\ 



over the density fluctuations. It is expressed as a com- 
bination of harmonics with the period Tj = ir/eV, i.e., 
I{t) = E™=-oo J ™ exp(-2mieVt) [p, HI, H . The am- 
plitude of m-th harmonics (to > 0) is given by 



el/<5 , m - A m / detanh[ 



eV/2 



2T 



][l-A(e+-eV) 



2 j 



xEn^ 

n=0 1=1 



n 



2in 



' ± ^ }L Yl A(e + \)eV) Y[ lR {e + (I + n + \)eV) 



(8) 



1=1 



1=1 



where A(e) = |7ij(e)| 2 is the Andreev reflection probabil- 
ity with j R (e) = (e - ^(e + iO) 2 - A 2 )/ A. The effect of 
the interactions appears only in 



U k>sinh(2^X7)) P 

where K p , u p are Luttinger parameter and velocity renor- 
malization for the charge density fluctuations. Here 



K a = u a = 1 is assumed for spin part. D and Lt = 
vf/2ttT are high-energy cut-off and thermal length. One 
can see that the repulsive interactions (K p < 1) inhibit 
the Josephson oscillations. Further the inhibition is more 
serious as the Josephson frequency increases. On the 
other hand, the renormalization does not appear in the 
non-oscillating current part with to = 0; the critical cur- 
rent is still 2eA/7r at absolute zero. This indicates that 
the collective fluctuations act only on the Andreev phase 
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(the argument of the Andreev reflection amplitude jr) 
as far as the scattering problem is considered. 

The renormalization reflects the algebraic decay of the 
singlet superconductivity phase correlation between the 
two interfaces [3]. As far as the power law is concerned, 
Eq. ([5]) corresponds to the extension of the previous 
work [171 ] to infinite order of the tunnel Hamiltonian. 
However we cannnot find the w p -dependent amplitude 
oscillation with the length of TLL, which is caused by 
the spin-charge separation [Tj}. This is because we do 
not consider here the voltage drop explicitly in TLL. In 
studying DC effect, Maslov et al. applied an extended 
open boundary condition including Andreev reflections 
to TLL so that the fluctuating potentials cannot affect 
the phase difference [l2[ • We can apply the condition 
to the AC effect alike, which yields no renormalization 
of the Josephson oscillations. It is however out of scope 
of the present work where we consider the ID region is 
adiabatically widened at the interfaces. 

Although we have investigated the average current 
so far, it is well-known that current fluctuation also 
can be used as good indicator of the phase coher- 
ence. Averin and Imam predicted that the shot noise 
in Josephson junctions is enhanced by the multiple An- 
dreev reflections [HI, which was verified experimentally, 
e.g., in atomic point contact [33| and superconductor- 
semiconductor junctions [34j . Hereafter we will show how 
the fluctuating potentials in TLL affect this supercurrent 
shot noise. With use of the Green's functions defined by 



£>{<) _ .. ,„/,' 

lation function can be written as 



g K ± {g R — g A )) /2, the current-current corre- 



18, 3£ 



K(t, t + r) = --Tr[g>(t, t + 7#)f,$<(t + r, t\<j>)r z 

+g<(t, t + r\<P)T z g>(t + r, t\<f>)f z ] . (10) 

Here we focus on zero frequency spectral density of the 
current fluctuation 5(0) = / dT/(2Tr)(K(t, t + r)} . The 
bar over K indicates the average over the time t. For 
simplicity, we disregard the Andreev reflections for |e| > 
A and the relaxations in the superconductors. 

Physically the 6 fields play a similar role to the measur- 
ing environment, which is introduced to compute electron 
counting statistics [36(. Hence the functional average of 
Eq. (fl"0|) over them gives the Gaussian statistics of the 
charge number in the ID region. The resultant zero fre- 
quency spectral density is found to be 



5(0) 



P m (e') 



f£ = Rc / dede' Y ■ 

m . 

x Hfe-^^e - leV)j* R (e + e' - leV)), 

1=1 

(11) 

with S = e 2 A/(27r 2 cosh 2 (A/2T)). The function P m (e) 
describes the energy exchange between an electron and 
the internal environment. Within the lowest order of 



(vf/LD), it is given by 

■Pm(e) = \ 2 

C m _i+ 2C m + C m+1 (m ^ 0) 



(m = 0) 



(12) 



where (5(e) is Dirac's delta function, and 
1 cosh(2^) 



2nD y D ' 



r(& 



r( ^ + l 2^T' 



(13) 



Equation (|13p reminds us of the transition rate derived 
by Fermi's golden rule in Caldeira-Leggett model 
This shows that the internal fluctuations disturb the su- 
perconducting phase coherence. The exponent on the 
temperature is expressed by 



A, 



'—(k; 1 i) 



(m; even) 



m 
~2 

m 2 1 

^—( K ; 1 -l)+ 2^ p -1) (m;odd). 



(14) 



The additional exponent in odd m process is originated 
in the phase field a QjS (r) = a a s (0) — a a . s (r) with 



"a, s (r) = - 



? a, s (-^,r) 



This implies that the difference in exponents for even and 
odd m owes to the interference between the states before 
and after the multiple Andreev reflections. In the pro- 
cesses with odd number of the Andreev reflections, an 
injected electron-like quasiparticle comes back as a hole- 
like quasiparticle with the fluctuating correlations shoul- 
dering. Such an interference does not occur for even m 
case because an injected quasiparticle transmits into the 
other electrode. Besides, when the repulsive interactions 
are absent (K p — 1), C m — S(e)/4 and the result in 
Ref. [H[ is rightly reproduced. 

Figure [1] illustrate the zero frequency spectral densities 
as functions of the bias voltage. One can see that the 
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FIG. 1: Zero frequency spectral densities are plotted as func- 
tions of eV/A for different K p s. Here we set the parameters 
as T = 0.2A ~ 0.LD and L ~ 1.2v F /A. 
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repulsive interactions slack the gradient of the shot noise 
at eV < 2A. Moreover, in the low bias limit eV <C A, we 
can replace the summation in Eq. by the integration. 
This enables us to have the asymptotic behavior of the 
supercurrent fluctuation. Assuming that the low energy 
excitations (e <C A) predominantly influence the shot 
noise, the zero frequency spectral density above can be 
written approximately as 



S(0) ~ S 



1 



A 

eV' 



:R 



where 



R= de 



cos( 



v F /L i 



cosf^T-r + ^ 



eV < 



1 - {e'/eVy 



(15) 



P^(e'). (16) 



Here n c = Int[l + 2A/eV] is the number of possible 
Andreev reflections with Int[- ■ •] denoting integer part. 
Although the factor R somewhat overestimates the ef- 
fect of TLL, it provides compendious scenario. In non- 
interacting limit, S(0) is proportional to n c e which in- 
dicates the existence of large charge quanta. On the 
other hand, in the presence of the repulsive interactions, 
the coherence-origin excess noise exhibits a peak at some 
voltage and disappear as eV — » owing to the consid- 
erably large power. Although it needs some corrections 
when the relaxations in the superconductors are taken 
into account fl8| . the peak structure is not qualitatively 
changed. 

In summary, we have investigated the relation between 
low- lying fluctuations in TLL and AC Josephson effect. 



It was found that the microscopic excitations in ID con- 
figuration can act as a kind of disturbance, and AC 
Josephson effect is essentially exposed to them. The re- 
pulsive interactions in TLL were found to inhibit Joseph- 
son oscillations and coherence-origin supercurrent noise. 
On the other hand, time-independent current is not in- 
fluenced, which indicates the fluctuations act only on the 
phase difference. Recently, Titov et al. showed that 
the interactions renormalize the Andreev phase (not the 
Andreev reflection probability) with use of scaling ap- 
proach (37[. Our result is consistent with theirs within 
quasiclassical approximation. 

In this work, we have restricted ourselves to the perfect 
transparency and the large capacitance limit. In tunnel- 
ing limit, it is known that the proximity effect enhances 
the charge fluctuations [HI]. Besides, in the regime in 
which charging energy becomes relevant, the effective ac- 
tion for 9s has a mass term at the interfaces [38[ . In these 
situations, not only the average current but also the cur- 
rent noise will need the large corrections. We think that 
these are left for the interesting future problems. 
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